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Ccompubser~y — f;
Course Learnineg Outcomes (CLO): f
(1o I carn about imterpolation with equal and unequal satervals, .
(Lo Apply forward, backward, central and divided ditference formulae for interpolation.
(1LO3 \pphy standard probability distributions fo the conwerned problems.
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“umerical Intezration: Newton-Cote's Quadrature formula, Trapezoidal rule, Simpson’s one- third and three-
crchth rule, Chebschey formula, Gauss Quadrature formula.
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Part-B (Practical )
Fime: 3 Hours Manx. Marks: 25
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Figure 3.1

ese data, we might ask whether they could be used
stimate of the population, say, in 1975
Predictions of this type can be obtained
he given data. This process is called

In reviewing th
to provide a reasonable €

or even in the year 2020.
by using a function that fits t .
interpolation and is the subject of this chapter.

Now stating generally, the problem is: given a set of tabular
values (%o, ¥o), (X1, ¥1)s - » (Xn¥n) satisfying y = f(x)
where f(x) is not known explicitly and it is asked to find the

values of f(x) corresponding to certain given values of x in the
range xo < X < X. For this we find a function g(x) in such a

way that f(x) and g(x) agree at the set of tabulated values given.

Then the required value of f(x) at some point x is taken as the
value of g(x) at x. This process 1s called interpolation. If g(x)
is a polynomial then the process is called polynomial

interpolation.
3.1 Interpolation and the Lagrange polynomial

One of the most useful and well-known classes of functions
mapping the set of real numbers into itself is the algebraic

polynomials, the set of functions of the form
P,(x) = Qpx™ + @1 X"t 4+ agx + ag.

where n is a nonnegative integer and ay, ..., @,real constants. One
reason for their importance is that they uniformly approximate
continuous functions. By this we mean that given any function,
defined and continuous on a closed and bounded interval, there
exists a polynomial that is as "close" to the given function as

desired.

Numerical Anal;sis e m 76
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An e

Figure 3.2

Theorem 3.1
(Weierstrass Approximation Theorem)

s defined and continuous on [a, b]. For each € > 0,

Suppose f1
perty that

there exists a polynomial P(x), with the pro

If(x) —P(x)| <€ forallxin [a, b].

Lagrange Interpolating Polynomials

The problem of determining a polynomial of degree one that
passes through the distinct points (xo, y,) and (x4, y;) 1s the same
as approximating a function ffor which f(xg) = yo and
f(x;) = y; by means of a first-degree  polynomial
interpolating, or agreeing with, the values of f at the given
points. Using this polynomial for approximation within the
interval given by the endpoints is called polynomial
interpolation. e s

S ———————;——————_ Aottt ——

Numerical Analysis 717
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C. d.
n  Xo, Pn(0.25) n Xo, Px(0.9)
X1..eeXn Xl.....Xn
1 02,03 -0.13869287 1 0.8,1.0 0.44086230
2 02,03, - 2 0.8,1.0, 0.43841352
0.7

0.4 0.132559734
3 0.8,1.0, 0.44198500

302,03, -0.13277477
0.7,0.6

0.4, 0.1

2. a Wehave V3~ P,(5) = 1.7083.

b. We have V3 = P,(3) = 1.690607.

c. Absolute error in part (a) is approximately 0.0237, and the
absolute error in part (b) is 0.0414, so part (a) is more accurate.

3. y = 4.25
4, P, =f(0.5) =4
5. Py1,3(2.5) = 2.875
3.3 Divided Differences

Iterated interpolation was used in the previous section to generate

successively higher-degree polynomial approximations at a
specific point. Divided-difference methods introduced in this
section are used to successively generate the polynomials

themselves.

W
110
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Definition

ce {pntr-, the forward difference Ap, (read

For a given sequen
— pp, forn = 0.

"delta p,,") is defined by APn = Pn+1
Higher powers of the operator A are defined recursively by

Akp, = A(A*Tpy,), for k = 2.
The definition implies that

A%p, = A(Ppi1 — Pn) = BPn+1 — Apn
= (Ppsz — Pn+1) — Pn+1 — Pn)-

So Azpn = Pn+2 — 2Pn+1 + Dn-

Divided Differences

Suppose that B, (x) is the nth interpolating polynomial that agrees
with the function f at the distinct numbers Xq, X1, --., Xn- Although
this polynomial is unique, there are alternate algebraic

representations that are useful in certain situations. The divided
differences of f with respect to Xg, X1, .., Xn aI€ used to express

B, (x) in the form
Pn(x) = ag + al(x = xo) + az(x — xo)(x —_ xl) + -
+ a,(x — xg) ... (x = Xp-1), (5)

for appropriate constants do, a1, G,. To determine the first of
these constants, a,, note that ifP, (x) is written in the form of Eq.
(5), then evaluating B, (x) at x, leaves only the constant term ao;

that 1s,

T e
111

Numerical Analysis

C} Scanned with OKEN Scanner



R W N N
e s

Qg = Py (xo) . f(xo)?

aluated at x;, the only nonzero terms

Similarly, when P(x) is eV '
are the constant and linear terms

i the evaluation of P, (1)

f(xo) + a, (xg — Xo) = P,(xq) = f(x1)

So,
_ f(x1) - f(xo) (6)

X1 — Xo

a4

We now introduce the divided-difference notation.

The zeroth divided difference of the function f with respect to x;,
denoted f[x;], is simply the value of f at x,:

flxi]
= f(x) (7)

The remaining divided differences are defined recursively; the
first divided difference of f with respect to x; and X1 1 denoted
flx;, x;+1] and defined as

] — ] et
Xiv1l = JLX;
- Xiy1 — Xi (8)

The second divided difference, f[x;, Xi+1, Xi+2], is defined as

flxi1, Xiv2l — flxi x4l
Xitz — Xi

f[xi: Xi+1) Xip2] =

Similarly, after the (k — 1)st divided differences,

et ———

Numerical Analysis 112
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flxi xiv1 ---:xi+k—'l:xi.+k] . and
flxiv1 Xivz, eeo, Xisk—1 XitrJhave been determined, the kth
divided difference relative to X, X4 1, Xj42. .+, Xj4x 1S

flxi Xiv1s ---:xi+k—1'xi+k]
f[xi+1:xi+2; ey xi+k] - f[xi» Xit1s o) xi+k—1]

= (9)

Xivk — Xi

The process ends with the single nth divided difference,

f[xlerI "'an] — f[xO'xlr ""xn—l]
Xn — Xo

flxo X1, o, X5 ] =

Because of Eq. (6), we can write a; = f[xg, x1], just as aq can.be
expressed as ao, = f(xe) = flxo]. Hence, the interpolating
polynomial in Eq. (5) is

Pn(x) = f[xo] +f[x0,x1](x — xo) -+ az(x — xo)(x = xl) + .-
+ anp(x — x0) (¢ — x1) .. (x — xpp_1).

As might be expected from the evaluation of a, and a,, the
required constants are

A = f[xo; X1, X2, ---:xk],

foreach k = 0,1, ..., n. So, P, (x) can be rewritten in a form called
Newton's Divided Difference:

Pae) = flol + ) f Dy, ) (2 = 310) . G
k=1

— Xg—1) (10)

Numerical Analysis 113
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The value of f[xo, X1 Xkl 18 independent of the order of the

numbers Xg, X1, «+» Xk

The generation of the divided differences
Two fourth and one fifth difference can a

these data.

is outlined in Table 3.9.
Iso be determined from

Table 3.9

et

First  gecond divided Thrid divided

f(x .
X0 f[XO]
flxox1]=
)= fTx]
X1 %o
xi f[xi] fIx0,%1,X2]7
f[xpxz a—f['xO’xI]
X, — %o

f[Xl,XZ]:
f[xz]‘f[xl] f[xlxzaxs "f[xmxz]
X3Xo

114
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;ﬁk

2, X3]= fIx1, X2, X3,X4]=
ff[)[(x;](}—]f[xz] f[xz,x3,x4]—f[xl,x2,x3]
X, — X, X, — %,
[X2,X3, X4]=
o b ff}[(;:s :754 ]:_f[x2=x3]
X, — X,
fIx3,xa]= flX2, X3, X4,X5]=
1) T A e
X, — X, X5 — X,
X4 f[x4] fx3,%4,X5]=
f[x4,x5 ],—f[x3,x4]
X5 — X,
flxa,%5]=
[l )= flx]
X5 — X,

x5 f[xs]

Example 1. Complete the divided difference table for the data
used in Table 3.10 and construct the interpolating polynomial
that uses all these data.

Table 3.10
X f(x)

Numerical Analysis 115
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bl g(x) — f(x) - Pn (X)

Since f(x;) = P,(x;) for each i = 0,1,...,7n, the function g has
n + 1 distinct zeros in [a,b]. Generalized Rolle's Theorem

implics that a number ¢ in (a, b) exists with g™ (&) = 0, so
0=F™E)-PE®

Since P,(x)is a polynomial of degree n whose leading coefficient

is f[Xg, X1, ) Xnl,

B (x) = n! flxg, %1, v, Xnl,

For all values of x. As a consequence,

f™M @)

flx0, %1, w0y 2Xn] = —

Newton's divided-difference formula can be expressed in a
simplified form when the nodes are arranged consecutively with
equal spacing. In this case, we introduce the notation h = x;41 —
x;, foreachi =0,1,...,n—1 and let X = xy + sh.
Then the difference x — x; is x —x; = (s — i)h. So, Eq. (10)

becomes

Pn(n) (x) = B,(xo + sh)
= flxo] + shf [xo, x1] + s(s = 1)h?f[x4, x4, %5]

oot s(s =1 (s—n+ Dh™f[xg,xq, ., Xy]

3 ns(s—l)...(s—k+1)
—f[xo]"‘; I ,

Numerical Analysis 119
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we can express B, (x) compactly as

B,(x) = By(xo + sh)
= fn[xo]

SY kURF flxg, % r ] (11)
+ ; (k) K

Forward Differences

The Newton forward-difference formula is constructed b-y
making use of the forward difference notation A. With this

notation.
flxo, x;] = f(x;) f(xO) l(f(xﬂ f(xo)) = _Af (x0)
1~ %o
Af(x) — A 1
flxo, x1,%2] = Zh[ A A f(xO)} K2 A?f(xo)

and, in general,

1
f[inxlr ---;xk] = k'hk Akf(xo)

Akf (xo).

Since f[xg, X1, ., Xp] = k,hk

Since f[xy] = f(xo) Eq. (11) has the following form.

Newton Forward-Difference Formula

P(x) = F(xg) + Z (1) AF Gxo) (12)
k=1

Numerical Analysis
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Backward Differences

If the interpolating nodes are reordered from last to first as
Xy, Xy_1, e, X, We can write the interpolatory formula as

Pn(x) = f[xn] +f[xn'xn—1](x - xn)
+ f[xn:xn—ll Xn—a](x — Xn—-1)

F o Flog e, 0] (6 — %) (6 = x_1) o (x — x4).

If, in addition, the nodes are equally spaced with x = x,, + sh and
x =x; + (s +n —i)h, then

Pn(x) = Pn(xn +Sh)

= flx,] + shf[xn, Xp_1] + s(s + DR?fx,,, X1, Xpp—2]
& o

+s(s+1)..(s+n—1)h"f[x,, ..., x]

This is used to derive a commonly applied formula known as the
Newton backward difference formula. To discuss this formula,
we need the following definition.

Definition 3.7. Given the sequence {p,}*_,, define the
backward-difference Vp,, (read nabla p,,) by

VPn =Pn = pp-y,forn > 1
Higher powers are defined recursively by
V¥, = V(V-1p,), for k > 2.
Definition 3.7 implies that

Numerical Analysis 121
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k
il
f[xnrxn—l] = %Vf(xn)'f[xn'xn—l'xn—Z] = 'iz'z—vzf(xn);

and, in general,

1
f[x’n;xn_]_; ""le-—k] = k!hk ka(xn)

Consequently,

P,(x) = flxn] + sVf(xp) + S(S;- D V2F(x,) + -

. s(s+1) n(,S +n-—1) V),

If we extend the binomial coefficient notation to include all real
values of s by letting

oy —s(=s—1)..(=s—-k+1)
(k): k!( D (k= 1)
s(s+ e (S+H Kk —

=" k!

Then
Pu) = flal + (—DF (70) 7 Ge) + (12 () V2 )
4+t (=17 (;LS) Vi f(x,)
This gives the following result.

Newton Backward-Difference Formula

Numerical Analysis 122
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550 CHAPILR 10 NUMERICAL MLTHODS

Definition of Dominant
Eigenvalue and

Dominant Eigenvector

10.3 POWER METHOD FOR APPROXIMATING EIGENVALUES

In Chapter 7 we s
characteristic equation

aw that the cigenvalues of an n X n matrix A are obtained by solving its

2

A+ (:n_lA”"' 4 e, AT + ¢y = 0.

polynomial equations like this one are difficult and time-consuming
ues for approximating roots of polynomial equations
of high degree are sensitive to rounding errors. In this section we look at an alternative
method for approximating cigenvalues. As presented here, the method can be used only to
find the eigenvalue of 4 that is Jargest in absolute value—we call this eigenvalue the

dominant cigenvalue of A. Although this restriction may seem severe, dominant eigenval-

ucs arc of primary interest in many physic

For large values of 7,
to solve. Moreover, numerical techniq

al applications.

Let A, Ay, ..., and A, be the eigenvalues of an n X' n matrix A. A, is called the

dominant eigenvalue of 4 if
> A P=2m
The eigenvectors corresponding to A, are called dominant cigenvectors of 4.

Not every matrix has a dominant eigenvalue. For instance, the matrix

A= 1 O}
10 -1
(with cigenvalues of A, =1 and A, = —1) has no dominant eigenvaluc. Similarly, the
matrix
20 0
A=(0 2 0
0o 0 1

(with eigenvalues of A, = 2,4, = 2, and A; = 1) has no dominant eigenvalue.

EXAMPLE 1

Solution

Finding a Dominant Eigenvalue

Find the dominant eigenvalue and corresponding eigenvectors of the matrix

2 —12
A= ‘
1 -5
From Example 4 of Section 7.1 W

¢ know that the characteristic polynomial of 4 is

A2+ 3A+2=(A+ 1)(A+ 2). Therefore the eigenvalues of 4 are A, = —1 and
A, = =2, of which the dominant one is A, = —2. From the same example we know that
the dominant eigenvectors of A (those corresponding to A, = —2) are of the form

3
x=t[l], t# 0.

(¥ Scanned with OKEN Scanner
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The Power T\Ac‘:thﬁd

wa o POWER METHOD HOK APFELIZIRARTEN G 11484y i
e CION 103

C 1 Causs-Seidel methods, the power method for approximating cigen
Like the Jacobi and G ¢ that the matrix A has a dominant eigenvalue v, ,‘)”

cos it we assumm
iterative. st Then we choose an initial dppr()mmatmn X, of one of the

ues is

i jzenveclors.

‘ i ant eigenveclo !

5P‘>nf|lﬂg d("mm cmr%' of A. This initial approximation must be a nonzero vectyr i P
dominant ¢igenvector. . "

Finally we form the sequence given by

X = Ax(}

- A%,
- A%,

= /IX, - /I(AXH)
= (A’ xu)

X3 =

= Ax,_, = AL X)) = A
For Idrgc powers of k, and by properly scaling this scquence, we will see that we obtain
tor of A. This procedure is illustrated in

a good approximation of the dominant cigenvee

Example 2.

EXAMPLE 2

Solution

Approximating a Dominant Eigenvector by the Power Method
Complete six iterations of the power method to approximate a dominant eigenvector of

ST

A= :
=3,

We begin with an initial nonzero approximation of

1

We then obtain the following approximations.

Xy =

Heration Approximation

¢ =4y = |2 12|V 2 [0 2,50
Y 0 | -5l - -4 . "‘4 ].OOJ
. = Ax =I'2 =12 =10 _ 28 2.80°
X, = Ax ::[2 _]2] 28 _ [~64 2 [2.91]
C o =slhie] T [-22] == TP 100
2 =12][-647 [136] [2.96]
X, = Ax; = =
v [1 ‘5J[—22J l 46J —- 46_1,00 !
2 —12][136 —28 ]'2 98]
X = Ax, = = I .
x, = dx; = [2 —127[-280 _[568 ]90"2.99'
I =5]L —94] 190 ==> [ 1.00 |
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UMERICAL METHODS

Note th :
~ 1at the approximations in Fx: y :
pproximations in Example 2 appear to be approaching scalar multiples of

il

which we know fi i . . . .
ich we know from Example 1 is a dominant cigenvector of the matrix

R

In Example 2 the power method was used to approximate
matrix A. In that example we already knew that the dominant eigenvalue of A was A = =2
For the sake of demonstration, however. let us assume that we do not know the dominant
cigenvalue of 4. The following theorem provides a formula for determining the eigenvalue
igenvector. This theorem is credited to the English physicist John

LT

a dominant eigenvector of the

corresponding 1o a given ¢
William Rayleigh (1842-1919).

heorem 10.2 If x is an eigenvector of a matrix 4, then its corresponding eigenvalue is given by

)etermining an Eigenvalue y = xX

'om an Eigenvector

X-X

This quotient is called the Rayleigh quotient.

Proof  Since x is an eigenvector of A, we know that Ax = Ax, and we can write

Ax-x  AXCX _ A(CX
XoX _Axcx AKX \)=/\.

X X XX X'X

In cases for which the power method generates a good approximation of a dominant
eigenvector, the Rayleigh quotient provides a correspondingly good approximation of the
dominant eigenvalue. The use of the Rayleigh quotient is demonstrated in Example 3.

EXAMPLE 3  Approximating a Dominant Eigenvalue

Use the result of Example 2 to approximate the dominant eigenvalue of the matrix

[2 - 12]
A= _ |-
1 =5
After the sixth iteration of the power method in Example 2, we had obtained.
568 299
Xg = = ] :
° [190] 90[1.00}

With x = (2.99, 1) as our approximation of a dominant eigenvector of A, we use the
approximation of the dominant eigenvalue of 4. First we

Solution

Rayleigh quotient to obtain an
compute the product Ax.
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AT
N 10.3 POWER METHOD FOR APPROXIMATING BIGEA ¥
sgCTION 10 |
7 —12 2.99] _ [~(;.0ﬂ
Ax = [1 —5][1,00 ~20
Then, since .y
Ax-x = (—6.02)(2.99) + (=200
and
4,

< x = (299299 M = 99

we compute the Rayleigh quotient to be

Ax-x  —200 _ 591,

| == = y -
XX 9.94
ue A = —2.

imati inant eigenval
which is a good approximation of the dominant €1g€

nds to produce approximations

e

From Example 2 we can se¢ that the power method te

with large entries. In practice it is
ceeding to the next iteration. One way 1o acc

ponent of A4x; that has the largest absolute Vv
reciprocal of this component. The resulting vec
absolute values are less than or equal to 1. (Oth
examples, see Exercises 27 and 28.

best to “‘scale down” each approximation. before pro-
omplish this scaling is to determine the com-
alue and multiply the vector Ax; by the
tor will then have components whose
er scaling techniques are possible. For

EXAMPLE 4

Solution

The Power Method with Scaling

tions of the power method with scaling to approximate a dominant

Calculate seven itera
eigenvector of the matrix

1 2 0
4=|-2 1 2.
1 3 1

Use x, = (1, 1, 1) as the initial approximation.

One iteration of the power method produces
1 2 0ff! 3

Axy = | —2 | 2111 =11},
1 3 1[]1 5

and by scaling we obtain the approximation

31 [0.60
x, = 1] =1020|.
51 11.00
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A sceond iteration yields
I 2 07170.60 1.00
Ay =1-2 1 2[|020] = [1.00
13 1f[1oo] [220

and
1.00 0.45
X, = — =
2= 3% 1.00 0.45].
2.20 1.00

Continuing this process, we obtain the sequence of approximations shown in Table 10.6.

TABLL 106

A\, x| x- L & X, X X, \-

1.00 0.60 0.45 0.48 0.51 0.50 0.50 0.50
1.00 0.20 0.45 0.55 0.51 0.49 0.50 0.50

1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00
From Table 10.6 we approximate a dominant eigenvector of 4 to be
0.50
x =10.50].
1.00

ant eigenvalue of 4 to be A = g,

Using the Rayleigh quotient, we approximate the domin
of x and A are exact.)

(For this example you can check that the approximations

Note that the scaling factors used to obtain the vectors in Table 10.6,

REMARK!
% %, X, X, X5 Xg X,
J ‘ i i l i i
5.00 2.20 2.82 3.13 3.02 2.99 3.00,

arc approaching the dominant cigenvalue A = 3.

Tn Example 4 the power method with scaling converges to a dominant eigenvector. The
following theorem tells us that a sufficient condition for convergence of the power method

is that the matrix 4 be diagonalizable (and have a dominant eigenvalue).

If A is an # X n diagonalizable matrix with a dominant cigcnvalué, then there exists a

Theorem 10.3
Convergence of the nonzero vector X, such that the sequence of vectors given by
Power Melhod Axy, Ax, Axp Ay ., Ay,

approaches a multiple of the dominant eigenvector of 4.
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Wik METHOD FOR APPROXIMATING EIGENVAL g
V¥ b k
W

7 5 that it has n hincarly indepeng,
n

JUHI ih‘“:‘—”}
- & ‘L‘v ‘

we Know

Myt s noe 4 % 88 ‘ﬂd;‘*"'Hr' ¢
] SHRe 5 4 i Bl . p with cn(rc»[\(lndm_’ < )
cigenvectons n ,;‘ s are ordered SO thatt A, 1S the dominant eigenvalue (with g g,
gens it s ! " 7
‘ genvectors X;. ¥p. - -+ %, ¢ linearly

Because the n ¢t

assume that these €
R*. For the it

responding cigenvector

U" x.J 1 i
tx, al approximation X, we choose a

form a basis for

independent, they must o
nonzero vector such that the linear combination
X, = €% T X ¥ oot 6
od may ot converge, and a dif-

= {), the power meth

See Exervises 21 and 22.) Now. multi-

jents. (¢
nitial approximation.
by A produces

has nonzero leading coeffic
ferent x,, must be used as thet
plying both sides of this equation
,"l,, - /“l'lxz + (.‘:X: s e C-axﬂ)
= oodAx,) 4 (‘_,(.41_.) AL
= o(Ayxy) (AR + C (AN
Repeated multipheation of both sides of this equation by A produces
A%y = A%+ alAx) ot (A, %)

which imphies that

A‘J ‘-‘ e
~"‘§‘, '\l‘l‘,“! o+ ‘-:( ) N “.-€ 1} Wl
A

AL
Now, from our original assumption that A, is larger in absolute value than the other cigen-
values it follows that cach of the fractions

A A A,
A .\; R B
is less than 1 in absolute value. Therefore cach of the factors
AV (ALY AN
B

must approach 0 as & approaches infinity. This implies that the approximation

A%y = Afex,, ¢ # 0

improves as & increases. Swce x; is a dominant eigenvector, it follows that any scalar
multiple of v, is also a dominant cigenvector. Thus we have shown that A"x, wpmachcs a

multiple of the dominant cigenvector of 4.

PIPU—

The peoof of Theorem 10.3 provides some insight into the rate of convergence of the
power method. That is, if the cigenvalues of 4 are ordered so that

A== A == Al
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HAPTER 10 NUMERICAL METHODS

then the .
N power method will converge quickly if |4, /i |)\,| is small, and slowly if
2 l .' is close to 1. This principle is illustrated in Example 5.

EXAMPLE
5
The Rate of Convergence of the Power Method

(a) The matrix

A=[4 5]
6 5

has eigenvalues of A, = 10 and A; =
matrix, only four iterations are required to obtain
when rounded to three significant digits. (See Table 10.7.)

—1. Thus the ratio I/\2 / |A,| is 0.1. For this
successive approximations that agree

TABLE 0./

X, \, X,

1.000 0.8187 [0.835 0.8337 [0.833
1.000 1.000 1.000 1.000 1.000
(b) The matrix

-4 10
=[5
has eigenvalues of A; = 10 and A, =

and the power method does not produce s
significant digits until sixty-eight iterations

—9. For this matrix, the ratio L/\2| / ‘A'l is 0.9,
uccessive approximations that agree to three
have been performed, as shown in Table 10.8.

- ADI LR
ABLE 0B

X X; X Y66 47 Xo3
1.0007 [0.5007 [0.94] S 0.715 0.7147 [0.714
1.000 1.000 | | 1.000 cee 1.000 1.000 1.000

In this section we have discussed the use of the power method to approximate the
dominant eigenvalue of a matrix. This method can be modified to approximate other eigen-
values through use of a procedure called deflation. Moreover, the power method is only
one of several techniques that can be used to approximate the cigenvalues of a matrix.
Another popular method is called the QR algorithm.

ms and calculators for finding eigen-

This is the method used in most computer prograt
values and cigenvectors. The algorithm uscs the QR—factorization of the matrix, as pre-
sented in Chapter 5. Discussions of the deflation method and the QR algorithm can be

found in most texts on numerical methods.
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aa——

e the oy Ay 2
. Compaie the cigenvalues of

! [2
{and 8 =17

L

V- -

(b)Y Apphy four remtions of the power method wit
R h
cach mamx m part (a), starting with X, o

) L‘(“ﬁ’l‘lu\‘ the R’li\‘\ \

eapect faster com ergence?

IR NUMERICAL

~
R

bl
-

Faa
&% In \ . .
Exercises 27 and 28. apply four iterations of the power method

v < . . -

(v uh scaling) to approximate the dominant eigenvalue of the given
{natnx. After each iteration, scale the approximation by dividing by
its length so that the resulting approximation will be a unit vector.

h scaling 1o - )
=1=1.2) 27 4=[5 0] 28. 4= |16 ; i
A lur Tand B. For which do vou P B N § —4 5

20. Use the proot of Theorem 10.3 to show that

ALUNG = A AN

tor large values of X

- That is, show that the scale factors

‘l\ ¥ > > or
obtnned n the power method approach the dominant eigen-

value.

Regression Analysis

for Polynomials

10.4  APPLICATIONS OF NUMERICAL METHODS

/‘\pphcatxons of Gaussian Elimination with Pivoting

In Section 2.5 we used least squares regression analysis to find linear mathematical models
that best fit a set of # points in the plane. This procedure can be extended to cover poly-
nomial models of any degree as follows.

The least squares regression polynomial of degree m for the points {(x;, ¥)s (X2 Vo)
(X, .1‘,,)} is given by

v=a," +a SR +az.\3+alx+ao,

m—l'
where the coefficients are determined by the following system of m + 1 linear equa-
tons.

na, +  (Ex)a, + (Exhay . e S xMa, =%y
Sy, +  Ex)e + G xa, oo+ Ex" e, = 2xy;
p

Sxdag+  Exa, + CExa, +:-+ G x"a,, =

(Sx™Ma, + (Ex"Na + X g stk lS, x?™a,, = Zx"y;

Note that if m = 1 this system of equations reduces to

na, + (S x)a, = 2y,

Il
14

(3 x)a, + (X x)a, XYi
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G 1
$9.3 Houscholder’s method
holder’s transformation to find a symmetric tridiagonal matrix

¢ matrix A.
all cigenvalues of a symmetric Lridingmm\ matrix,

1. Then the n X n matrix

In this section, we will use House

T that is similar to a given symmetn
In next scetion, we will discuss how Lo find

Definition 9.16: Let w € R" with wiw =
p = I — 2w

(or Householder matrix).

householder’s matrix, then P is symmetric and orthogonul.

is called o Householder transformation
Theorem 9.17: If P = [ —2ww' is a
So Pl = Pl =P.
Proof: The symmetry is from
ot = (I — 2ww ) =1 - (21uwt)' =1- 2(“")‘("“)' =1 -2ww' = P.

The orthogonality is from
PP' = (I - 2ww
= I — dww' + 411)(11!‘11))(“ =1-

NI - oww') =1 — dww' + dww!ww'

dww' +4u=ur = 1.

Some basics about the Householder matrix:
(a) Pw= —w. Forany orthogonal to w (i.e., w'z = 0), then Pz = x. These imply that P has
eigenvalues 1 (multiplicity n — 1) and —1.

(b) For any two distinct vectors & and y in R" with same length, the Householder matrix

p=1I-2wu, w=(x—y)/llz— Yll2
satisfies
Pz =y.

Proof of part (b): Let’s figure out how to prove it. If Px =y, then

s 9 ETY (z—v)
|l~b —ylla llz - o’

—y) — &L:y)_(l'_:l)i=
R oy A

b
oy (e vl =26 —y)a) =0.
-y
b
I 2
WI:Z_;JTF <'L,J‘ _aty—ylatyty -2t b 'Zy‘w) =0.
2 2

The last equation is true siuce oty = ytz and o't = y'y. For the final proof, you write above

statements backwards.
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By (b) above, for any :
:,,:_,_z_w__hs. i ik (1t P i (&liel2.0,. .. 0)* € R, then |jallz = [jylla: There is @
pick “4+7 or 5" in . z = y. This is the key step of Householder method. You may
Ex. If 2 = (3, t . : - ] t —

P H@N IH.N.:_EN. HTMU mu pvﬂuncrrmwmmw Na_m<w___.u_~m_v_~wh~owov g it = g = uliaieae
mw_. .M,M MEA_H@ H__.M.__ o,]pv_, find s Householder matrix to change z to the form y = (1,1, *,0,0).
e 5 2= lyll2, v = (1,1,5,0,0). Choose w = (z — y)/l|lz = ylj2 and P =1I-2uwuw

as before. You can verify that Pz = y.
Just to remind you, for a Householder matrix P, i
ﬁ.\a use the following example to explain the Hous
matrix to a similar triangular matrix.
Ex. Use Householder matrices to transform

f Px =y, then o' P = y' since P is symmetric.
eholder method for changing a symmetric

41 -2 2
12 0 1
A=| o 0 3 -2
9 1 -2 -1

to a similar symmetric tridiagonal matrix.
Sol. Let = = (4,1,—2,2). We want to change & to y = (4,%,0,0)% So, let y = (4,3,0,0)" and

w= (2 —y)/llz —yl2 = (0, -2, _2,2)t/v/12=(0,-1,-1, 1)/v/3. Let

1 o0 0 0
I R Vi A R
Pi=I-2ww =\, _g/3 1/3 2/3
0 23 2/3 1/3
Then
4 4
pl Tl=13] and Tglmimnﬁgoi
_9 0 s 1, , y 9y Yy
2 0
Then, _
4 3 0 0

3 o103 -4 -1
PAPL=| o _4/3 -1 —4/3
0 -1 -4/3 53
y = (3,10/3,5/3,0) and w = (z — y)t/llz — yll2. Then

1 0 0 0
0 1 0 0
- 0 0 —4/5 —=3/5
[0 0 —3/5 4/5

Now, for z = (3, 10/3, —4/3, —1), choose

&
I

and
4 3 0 0
RERVE 5/3 0l _
RPAPR =14 53 —33/25 —68/75 =T
0 0 —68/75 149/75
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-ienn micino the Newt

This matrix 7" is tridiagonal. Note that

T — P D, — Pl pt
1 PzP]APllg = I2P1AP1P2 = (Plpz)"Aplpg.
Henee, T and A are similar and have same eigenvalues.
7 an eacdlv walive (e . . .
You can easily generalize this method to deal with any syminetric matrices.
Remark: This method can NOT be applied to transforming a symmetric matrix to a similar
diagonal matrix D. (which step doesn’t work in the method?) (If can, the diagonal elements of D
will be the eigenvalues of Al)
Definition: A matrix H = (hiz) is called an upper Hessenberg if 1;; = 0 for all i > j + 2.
Remark: If we apply the method above to any matrix, the result will be an upper Hessenberg
matrix. You will have a question in your homework.

Remark: Householder method can also be used for solving systems of linear equations. The

method is much more stable than Gaussian elimination method. But this method takes more time
to get the solution than Gaussian method does.
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School of Distance Education
S—

Newton

of the data points closest to X. This requires using the

backward-divided-difference formula with s = — -2?: and the
divided differences in Table 3.12 that have a wavy underline ()
Notice that the fourth divided difference is used in both formulas:

P, (2.0) =P, (2.2 — 2(0.3)>

2
—0.1103623 — 5(0.3)(—0.5715210)

- (1) (0.3)2(0.0118183)

—_—

3\3

2 (%) (g-) (0.3)(0.0680685)
kGape—

= 0.2238754

Centered Differences

The Newton forward- and backward-difference formulas are not

appropriate for approximating f (x) when x lies near the center of
the table because neither will permit the highest-order difference

to have x, close to x. A number of divided-difference formulas
are available for this case, each of which has situations when it
can be used to maximum advantage. These methods are known as
centered-difference formulas. We  will consider only one

centered-difference formula, Stirling's method.

For the centered-difference formulas, we choose near the point
being approximated and label the nodes directly below x, as

M
125
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School of Distance Baucativil
e s ey

| Fdx ziaif(xi),

i=0

With error given by

b n
= 1 ) F(nt+1)
FD = g f [ [or-more e

produced by using first and second
h equally spaced nodes. This gives the

n’s rule

Let us consider formulas

Lagrange pOlynomials wit
Trapezoidal rule and Simpso

The Trapezoidal Rule

To derive a Trapezoidal rule for approximating f: f(x)dx, let

xo=a, X1 =b, h = p—a and use the linear Lagrange

polynomial:

G =) iy X0 e

P (x) = (x0 — X1) (x; — Xo)

Then
b X1 _ _
f f(x)dx = f | [((;CO _)zcll))f(xo) + ((;:1 _x;(?)f(xl)“ dx

+L 7 (E00) (= x0) (6 — %)

(7)

;
163
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:

The product (x — xo)(x — x,)does not change sign on [x0, %1)s
e Theorem for Integrals can be

so the Weighted Mean Valu
applied to the error term to give, for some §in (x — Xo)

f " £ (£(x)) (x — Xo) (x — x1)dx
=f"() J 1(x — %) (x — x1)dx.

DRI YT NT e

23 (x1 +%o) =
= f"() [?———i—z——g)—x2+xox1x]

h3
= -é‘f &)

Eq. (7) implies that

’ (x = %1)’ (x = %)’ &
Ja f(x)dx - {Z(xo — X1) f(xO) ¥ 2(xy — xO)f(xl)lxo

Consequently

h3
—ﬁf &)

R
—

— h3
=20 () + £ ()]~ 7 /)

rem for Integrals) Suppose =

C[a, b], the Riemann integral of g exists on [a,b], and g(x) does
not change sign on [, b]. Then there exists a number c in (@, b)

with [ f(x)g(x) dx = f(€) P g(x) dx. When g(x) = 1, this
is the usual Mean Value Theorem for Integrals. It gives the

(Weighted Mean Value Theo

164
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average value of the function f over the interval [a,b], f(c) =
1

b .
— 1, f(x)dx.

b—-a

Using the notation h = X3 — Xo gives the following rule:
Trapezoidal Rule:

b h3
[P Fedx = 2[f (o) + f )] =5 £ ()
(8)
This is called the Trapezoidal rule because when f is a function
with positive values, f; f(x)dx is approximated by the area in a

trapezoid, as shown in Figure 4.3.

Y A

a = Xy

Figure 4.3.

The error term for the Trapezoidal rule involves f"', so the rule
gives the exact result when applied to any function whose second
derivative is identically zero, that is, any polynomial of degree

one or less.

M—ﬂ
165
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Simpson's Rule
Simpson's rule results from integrating over [a, b] the second
Lagrange polynomial with equally spaced nodes xo = @, X2 = b,

and x; = a + h, where h = (b;a)(See Figure 4.4.)

Y A
y = [(x)
Figure 4.4
Therefore
b *2  (x — xq)(x — x2)
dx = X
[a £ (x)dx j e e 10

: (x — x0)(x — x3)

T G = x0) (2 — %)
(x — x0) (x — x1)

(x, — xo) (X, — X1)

) fxz (= %) (& = ¥ = X2) £y (£ (4))ax

f (x1)

] dx

6

X0

Deriving Simpson's rule in this manner, however, provides only
an 0(h*) error term involvingf ). By approaching the problem
in another way, a higher-order term involving f* can be derived.

M
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e

crnative method, suppose that f 18 expanded
| about x,. Then, for cach x in

x,) exists with

To illustrate this alt
in the third Taylor polynomia
[Xo, X2], a number &(x) in (X0,

f" (x1) (= x1)?

Fx) = flxa) + £l (x — %) +7

f é’%) (x — 2

@
o (zi(x—’)) (x — x)*

+

and

()
‘- (x — X1

w0 | I . | ,‘I(.\' ) :
/ flyydy = Wi () =N T ! 5 ! (x—Xi) +

i '

-

f.m(/‘_ ) A’ \7 ] Be) o . . ’ |
- 24' (x - .\'1)'} + 2 /( FUE) - x) dx. (4.24)
} JAG

|

is never negative on [xo, %), the Weighted

for Integral implies that

I ) (e A2 . (4) X
/ FAEE)) (=) dx = Lif—!l /\ (x = x) dx = ‘__————f l')(gl) (x - ,\'\)5\%‘

s _

Because (x — x1)*
Mean Value Theorem

At J A

For some number &; n (X0, X2)-

X, = X1 — X0 SO

— (X — x1)4 = 0.

However, h = X2 —

(x, — x1)2 — (%o — x1)2 = (xy — x1)4

whereas
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(x2 — X1)3 — (xo — X1)3 — 2h% and (x; — x1)5 — (%0 — xl)s =

2h°

Consequently,

(4)
f FGodx = 2hf () T3 B ey + 0

If we replace f' '(x,) by the approximation given Eq. (6) of

section 4.1, we have

f fx)dx = 2hf (x1)

; —{— [fxg) — 2fC) + F(x2)

. ¢ )(51)
—’i—f( )(fz)} 20

1
=L 1) + 4 )+ f G - IR A
native methods that the values &; and ¢

[t can be shown by alter
be replaced by a common value ¢ In

in this expresswn can
(X0, X2)- This gives Simpson's rule.

Simpson's Rule:

X2 h
[ poodx =511+ 4G + 1 G2

X0

h° (4)
e TARIC)) ©)

168

Numerical Analysis

C} Scanned with OKEN Scanner



i ,W_,M,,,_;’,/'

The error term in Simpson's ale involves the fourth derivative of
sults when applied to any polynomial of

f. so it gives exact 1€

degree three OF less.
ezoidal rule and Simpson's rule

Example 1. Compare the Trap
approximations to foz f (x)dx when f(x) 1s
() 3‘ (b) ! (¢) + 1
(d) J1 4 x° (¢) sInx (fy ¢
Solution. On [0, 2], the Trapezoidal and Simpson's rules have the

forms

Ydx = f(0) + f(2) and
SEORION f@)

Trapezoidal: f;‘ f(x
Simpson’s: foz f(x)dx

When f(x) = x2,

Trapezoidal: foz f(x)dx = 02+2%2=4 and

; 2
simpson’s: Jo f (x)dx
le is exact becausC its

n from Simpson's U
lves f(*), which 18 dentically 0 when f(X) =

zg[(02)+4-12+22]=§3-

The approximatio

truncation €rror invo

x2.

to three places for the functions are summarized 10
son's rule 1s

The results
ach instance, Simp

Table 4.7. Notice that in €
significantly superior.
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) — ol

2 K2 (x+D)? Jl4x?  sinX ('

(416 6389

1.099  2.958

Exact value 2667 6.400
3326 0.909 8.389

16.000 1.333

Trapezoidal 4.000
1111 2.964 1425 6.421

Simpson’s ~ 2.667 6.667

Measuring Precision
adrature error formulas 1s based on
s for which these formulas

The standard derivation of qu
facilitate the

determining the class of polynomial
produce exact results. The next definition is used to

discussion of this derivation.

Definition. The degree of accuracy, Or precision, of a
quadrature formula is the largest positive integer 1 such that the

formula is exact for xk, for each "k=0,1, ..., ..

that the Trapezoidal and Simpson's rule
ee respectively.

s have

This implies
degrees of precision one and thr

Integration and summation are linear operations; that is,

b b b
f (af(x) + ,Bg(x))dx = af f(x)dx + [)’f g(x)dx

and
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S Car o) + gl = @ Y [+ B ), 9G
i=0 i=0 i=0

for each pair of integrable functions f and g and each pair of real
constants @ and . This implies that the degree of precision of a
f the error is zero for all

quadrature formula is n if and only 1
polynomials of degree k = 0,1,..,n. but is not zero for some
polynomial of degree n + 1.

The Trapezoidal and Simpson's rules are examples of a class of
methods known as Newton- Cotes formulas. There are two types

of Newton-Cotes formulas: open and closed.

Closed Newton-Cotes Formulas
The (n + 1)point closed Newton-Cotes formula uses node? x; =
(b-a)

xo + ih,, fori = 0,1, ..., n.,where x, = a, X, = band h =
(See Figure 4.5.) It is called closed because the endpoints of the
closed interval [a, b] are included as nodes.

y A’

Figure 4.5
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The formula assumes the form

[ Fodx = Z af (D),
a i=0
where
[ 1 (=)
a; = x[ L;(x)dx =Lo l:o[ (;CL _z)dx
Jj#i

Theorem 4.2 Suppose that X ,a;f(x;) denotes the (n+
1)point closed Newton Cotes formula with x, = a,x, = b,

(b;a) . There exists ¢ € (a, b)for which

andh =

b n pnt3 Fnt2 ) ("
fa f(x)dx = Z a;f(x;) + (n]:_ 2)!(5 fo t2(t—1)...(t

L=

— n)dt,

Ifn is even and f € C***[a, b], and

b n pnt2en
[ rooas =Y areo+

=0

— n)dt,

+1)

) jnt(t —1)..(t

Ifnis odd and f € C"**'[a, b],

Note that when n is an even integer, the degree of precision is n +
1, although the interpolation polynomial is of degree at most n.
When n is odd, the degree of precision is only n.
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Some of the common closed Newton-Cotes formulas with their
at in each case the unknown value

error terms are listed. Note th
¢ lies in (a, b).

n = 1: Trapezoidal rule
3

X1 h h
[ read = 31rGo) + 7)) = 331

X0

where x, < & < x3.

(10)

n =2: Simpson's rule
%2 R RS
[ Foodx = 3 17Gx0) + 47 Ga) + FG) =~ g5 £ O

where x, < & < Xx,.

(11)

n = 3: Simpson's Three-Eighths rule

X3 : 3h
[ peax =G +3700) + 3 ) + £ )
- 3RS0 |
-0/ )(©),

where x, < ¢ < X3.
(12)

n=4:
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fx“ f(x)dx = %g [7f (o) + 32f (1) + 12f (x2) + 7f (xa)]

0
8h’

_2% e
945 £,

where xo < & < X4.

(13)
Open Newton-Cotes Formulas
The open Newton-Cotes formulas do not include the endpoints of
[a, b] as nodes. They use the nodes x; = xo + ih, for each i =
0,1,..,n, where h = (b — a)/(n+2) and xo =a+h. This
implies that x,, = b — h, so we label the endpoints by setting x_;
= q and x,,., = b, as shown in Figure 4.6. Open formulas contain
all the nodes used for the approximation within the open interval

(a, b). The formulas become
n

b
j Fedx= [ fedx= ) aif (.

X—1 i=0

where a; = f; L;(x)dx.

Y A

Figure 4.6

M
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Theorem 4.3 Suppose that S, aif (xi)denotes the (n + 1)-point
open Newton-Cotes formula with X_1 = @ Xn+1 — b, and h =
(b —a)/(n+ 2). There exists § € (&, b)for which

b L pnt3 (n+2) n+1
f Flx)dx = Z a,f(x) + (T{Jr A ©) . t2(t
L—z—ol) . (t —n)dt,

ifnisevenand f € cn+2 [a,bland

b = pn+2 (n+1) n+1
f f(x)dx = Z a;f (x) + (7{+ D1 ©) J—1 t2(t
l—=-01) .. (t —n)dt,

ifnisoffand f € cm*t1 [a,b).
Some of the common open Newton-Cotes formulas with their
error terms are as follows:

n = 0: Midpoint rule

X1 h3
[ poodx = 2mf o) + 57D

where x_; < ¢ < X3.

(14)

n=1:
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f\/()i"gy, ;
(X)dx = —
ot &

where x_y < & < Xa.

(15)
n=2:
X3 4} _ 14h°
oy = 2 (2f ) = [ G0) + 2 el + S [0
where x_; < ¢ < X3
(16)
n=3:

. 5h
[ e = 55017 G flo) + 70 1/ G
- 95 . .
+ 142 RS fF (),

where x_; < ¢ < Xg.

(17)
Example 2. Compare the results of the closed and open Newton-
Cotes formulas listed as Eq. (10) through (13) and Eq. (14)

through (17) to approximate

o V2
f sinxdx =1 - ~ 0.29289322.

0

Solution. For the closed formulas, we have
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~—

[sin 0 + sin /4] = 0.27768018

n=1
SN T
n=2: —3—[sm 0 + 4 singsin /4] =~ 0.29293264
T
n=3: ) [sin 0 + 35111—73-
8 - 12
+ 3 sin-6—+sin /4] = 0.29291070
T
n= 4:2 10 [7sin0 + 325in—7—[—
5 16

T
il 0.29289318

12 si T[+32' 37t+7 1
+ sm8 sin 16 sin

And for the open formulas, we have
n=0: 2 (F-) [sin-] ~ 0.30055887
- x 8 8 Lad ]

3(=
2 T T
[sin —— + sin 6] ~ 0.29798754

n=1
= 7 4(;_) A " ' 7T+2 0o 0.29285866
n=21 —3 [sm16 sing sm16]~.
T
4 555)11' T 4o 4 11sing]
— 4 — — n— sin—
n o | sm.20 sm10 si 50 c

~ 0.29286923
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6.

a. The Composite Trapezoidal rule requires h <
n > 46. The approximation is 0.405471.

son's rule requires h < 0.44267 and n >

0.04382 and

b. The Composite Simp
6. The approximation 1s 0.405466.

c. The Composite Midpoint rule requires h < 0.03098 and n >
64. The approximation 1s 0.405460

4.4 Gaussian Quadrature

n-Cotes formulas in Section 4.3 were derived by
g polynomials. The error term in the
| of degree m involves the (n+ 1)st
g approximated, so a Newton-Cotes
he integral of any

The Newto
integrating interpolatin
interpolating polynomia
derivative of the function bein
formula is exact when approximating t

polynomial of degree less than or equal to 7.

All the Newton-Cotes formulas use values of the function at
This restriction 1s convenient when the

equally spaced points.

formulas are combined to form the composite rules, but it can

significantly decrease the accuracy of the approximation.
he Trapezoidal rule applied to determine

Consider, for example, t
the integrals of the functions whose graphs are shown 1n Figure

4.10.
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Figure 4.10

Y'Y YA

y = f(x)

I a=ux x,ﬂ= b x
The Trapezoidal rule approximates the integral of the function by
integrating the linear function that joins the endpoints of the graph
of the function. But this is not likely the best line for
approximating the integral. Lines such as those shown in Figure
4.11 would likely give much better approximations in most cases.

Figure 4.11

In Gaussian quadrature, the points for evaluation are chosen in an
optimal rather than an equally spaced way. The nodes
X1, X5, ..., Xn in the interval [a, b] and coefficients ¢y, ¢y, ..., ¢, are
chosen to minimize the expected error obtaned in the

approximation
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f does not satisfy a Lipschitz condition, so

d. The function

Theorem 5.3 cannot  be used

5.2 Euler’s Method

Fuler's method is the most elementary approximation technique

for solving initial-value problems. Although it is seldom used in
practice, the simplicity of its derivation can be used to illustrate
the techniques involved in the construction of some of the more

advanced
techniques, without the cumbersome algebra that accompanies
these constructions. The object of Euler's method is to obtain

approximations to the well-posed initial-value problem
dy

- = f(t,y), a<t<bh y@=a (6)
A continuous approximation to the solution y(t) will not be
obtained; instead, approximations to y will be generated at
various values, called mesh points, in the interval [a, b]. Once
the approximate solution is obtained at the points, the
approximate solution at other points in the interval can be found

by interpolation.

We first make the stipulation that the mesh points are equally
distributed throughout the interval [a,b]. This condition is
ensured by choosing a positive integer N, setting h = (b — a)/N,

and selecting the mesh points

t; = a + ih, foreach i = 0,1,2,...,N.

The common distance between the points h = t; 1 — t;, 1s called

the step size.

m
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We will use Taylor's Theorem to derive Euler's method. Suppose
that y(t), the unique solution to (6), has two continuous

derivatives on [a, b], so that foreachi = 0,1,2,...,N - 1

i _ +)2
—t)y'(t) + S L+12 ) y" (&),

y(tiv1) =y (&) + (tis1
for some number ¢; in (¢;, t;+1). Because h = t; 1 — t;, we have
2

Y(tivr) = y(€) + hy' (&) + =¥ (€0,
and, because y(t) satisfies the differential equation (6),

y(tiz1)
= yz(ti) + hf (t;, y(t))

h
+ 29" (7)

Euler's method constructs w; = y(t;), for each i = 1,2,..,

deleting the remainder term. Thus, Euler's method is

N,by

W0=a’

Wi =w; + hf (t, w;), foreachi=10,1,...,N—1. (8)

Illustration

Use Euler's method to approximate the solution to

y'=y—t?+1, 0<t<2, y(0)=05,

at t = 2. Here we will simply illustrate the steps in the technique
when we have h = 0.5. For this problem,f(t,y) =y —t*+1;

S0,

229

Numerical Analysis

(¥ Scanned with OKEN Scanner



School of Distance Education
T T T T e e e e N SIS

Figure 5.2

)7
y' =@ y).
Wa) = o

y(ry) = y(b)

)1(12) 4
,V(’l) -+
Y(tp) =T
N { >
10 =d ’l ’2 ’N = !
Figure 5.3

y
P yeron
Ya) =«

Slope y'(a) = f(a, 0)
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Example 1.

Fuler's method was used in the first illustration with h = 0.5 to
approximate the solution to the initial-value problem

y' = y—t+1, 0<t<2 y(0) = 0.5.

Use N = 10 to determine approximations and compare these
with the exact values given by y(¢t) = (t + 1)? — 0.5¢e".

Solution. With N = 10, we have h = 0.2,t; = 0.2{,w, = 0.5,
and

Wiy = W + h(Wl‘ - t£2 + 1) = W; + O.Z[W“ — 00412 + 1_]
= 1.2w; — 0.0082 + 0.2,

fori =0,1,...,9. So,

w; = 1.2(0.5) = 0.008(0)2 + 0.2 = 0.8, w,
= 1.2(0.8) — 0.008(1)? + 0.2 = 1.152,

na
lad
| 1%
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L G 1.5 2.152599

[ 20 B} 20 | 2095185
5.4 Runge-Kutta method ‘ -

The Taylor methods outlined in the previous section have the
desirable property of high order local truncation error but the
disadvantage of requiring the computation and evaluation of the
derivatives of f(t, y).

Runge-Kutta methods have the high-order local truncation error

of the Taylor methods but eliminate the need to compute and
evaluate the derivatives of f(t,y)

The difference-equation method resulting from replacing

T3 (t,y) in Taylor'smethod of order two by f(t+ (h/2),y +
(h/2)f(t,¥)) is a specific Runge-Kutta method known as the

Midpoint method.
Midpoint Method

W0=a’

h h
Wir1 = w; + hf | ¢ +§'Wi +§f(ti,wi) , fori
=01,..,N—-1

Only three parameters are present in a,(f + a,y + B,), and all
are needed in the match of T So, a more complicated form is
required to satisfy the conditions for any of the higher-order
Taylor methods.

The most appropriate four

-parameter form for approximating
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T

816657 [0.001481 [4.815023 ]0.000152
/1.8 /4.8[5!763 /48 o

5 2 6 7
83 [0.002111 [5.305258 |0.000213
2.0 /5.3054720 /5'30875 . - ;

Predictor-Corrector Methods

In Example 4, the implicit Adams-Moulton method gave better
results than the explicit Adams-Bashforth method of the same
order. Although this is generally the case, the implicit methods
have the inherent weakness of first having to convert the method

algebraically to an explicit representation for Wi,1. This

procedure is not always possible, as can be seen by considering
the elementary initial-value problem

y'=e’, 0<t<0.25 y(0)=1

Because f(t,y) = e, the three-step Adams-Moulton method has

Wit1 = w; + ﬂ [gewi+1 + 19e%i — 5aWi-1 + eWi—z]

as its difference equation, and this equation cannot be
algebraically solved for Wii1.

We could use Newton's method or the secant method to

apprpximate Wiy1, but this complicates the procedure
cons1derab1y. In practice, implicit multistep methods are not used
as described above. Rather, they are used to Improve

approximations obtained by explicit methods. The combination

Numetical Analysis
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